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ABSTRACT

Sparse optimization in overcomplete frames has been widely ap-
plied in recent years to ill-conditioned inverse problems. In par-
ticular, analysis-based sparse optimization consists of achieving a
certain trade-off between fidelity to the observation and sparsity in
a given linear representation, typically measured by some �p quasi-
norm. Whereas most popular choice for p is 1 (convex optimization
case), there is an increasing evidence on both the computational fea-
sibility and higher performance potential of non-convex approaches
(0 ≤ p < 1). The extreme p = 0 case is especial, because anal-
ysis coefficients of typical images obtained using typical pyrami-
dal frames are not strictly sparse, but rather compressible. Here
we model the analysis coefficients as a strictly sparse vector plus
a Gaussian correction term. This statistical formulation allows for
an elegant iterated marginal optimization. We also show that it pro-
vides state-of-the-art performance, in a least-squares error sense, in
standard deconvolution tests.

Index Terms— Image deconvolution, image restoration, opti-
mization, regularization, wavelets, sparsity, tight frames.

1. INTRODUCTION

Sparse optimization in overcomplete frames has been widely applied
in recent years to ill-conditioned inverse problems. Two related ap-
proaches have been followed [5]. The most common, that we term
here synthesis-based sparsity (SbS) has been to search for sparse so-
lutions in a generative sense, that is, solutions expressible as linear
combination of few basis functions from a dictionary (e.g. [19]). The
other approach, analysis-based sparsity (AbS), consists of searching
for solutions whose linear responses in a given representation are
sparse (e.g. [2]). These solutions are not equivalent, except for the
especial case when the matrix is square and non-singular (like the
Fourier transform, as e.g. [3]), or when the prior term is quadratic,
for overcomplete frames [5]. Another criterion to classify sparse
optimization methods is the function used to promote the sparsity,
which typically is a certain �p quasi-norm. Most popular choice
for p is 1, because it is the smallest value giving raise to a convex
optimization. However, there is an increasing amount of evidence
on both the computational feasibility (beyond inefficient classical
greedy and pursuit approaches) and higher potential of different non-
convex solutions using 0 ≤ p < 1 (e.g. [13, 10, 18, 1, 4, 15]).

Focusing on sparse-optimization-based deconvolution methods,
most of them follow an �1 SbS approach (e.g. [6, 7]), and only a few
are �0 SbS (e.g. [14]). Whereas AbS methods have been used for
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other image processing tasks (such as inpainting, superresolution or
image morphological decomposition [2, 18, 15]), to the best of our
knowledge, they have never been applied to image deconvolution.
In addition, the �0 AbS case is, indeed, especial, in the sense that
typical images, when represented with usual frames (such as x-lets,
that is, overcomplete wavelet-like transforms), give raise to analy-
sis coefficients that are not strictly sparse, but just approximately so.
I.e., they are compressible. Thus, direct �0 minimization of analy-
sis coefficients is not justified. Here we model the analysis coeffi-
cients as a strictly sparse vector plus a Gaussian correction term. We
had previously used this model for inverting a posteriori determin-
istic degradations, such as missing pixels, bits, color components,
etc. [18, 15]. When dealing with noisy blurred images, in contrast,
the involved densities are not degenerated, but otherwise the general
approach is the same. In addition, we recently presented an �0 SbS
precursor of the method described here [16]. As shown in the results,
the new method’s performance is state-of-the-art, at least when ap-
plied to images with a moderate amount of texture. The code used
for the results shown here is publicly available in [17].

2. IMAGE MODELING AND PROBLEM FORMULATION

We assume here that our observation, y, comes from convolving an
N -pixel image, x, with a known PSF kernel, h, and adding zero-
mean white Gaussian noise,w, of known variance σ2:

y = Hx + w, (1)

whereH is the corresponding block-circulant matrix associated to h.
Therefore, our likelihood term is p(y|x) ∝ exp(− 1

2σ2 ‖y−Hx‖2
2).

For the prior modelling we consider a given over-completeM ×
N frame ΦT , typically a multi-scale, multi-orientation, x-let repre-
sentation, for which typical images produce compressible coefficient
vectors, i.e., those that can be approximated using a highly sparse
vector a plus a residual:

ΦT x = a + r, (2)

where r is the residual term. We model r as white and Gaussian,
p(r) ∝ exp(− 1

2σ2
r
‖r‖2

2), and a using the improper prior p(a) ∝
exp(− 1

α
‖a‖0). Although a and r are actually not independent vari-

ables, as they live in a N -dimensional hyperplane in RM , here we
consider them as such, for simplicity sake. Summarizing our statis-
tical modelling, the likelihood function and the two prior densities
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(sparse component and residual) are:

p(y|x) ∝ exp(− 1

2σ2
‖y − Hx‖2

2) (3)

p(x|a) ∝ exp(− 1

2σ2
r

‖ΦT x − a‖2
2)

p(a) ∝ exp(− 1

α
‖a‖0).

Note that the resulting prior p(x) =
∫
a

p(x|a)p(a)da is the convo-
lution of an �0 prior with a Gaussian. By noting that p(y|x,a) =
p(y|x), we can write p(x,a,y) = p(y|x)p(x|a)p(a), whose max-
imization in the unknown vectors (x,a) is the same as finding:

(x̂, â) = arg min
x,a

‖a‖0 + λ‖ΦT x − a‖2
2 + μ‖y − Hx‖2

2 (4)

where λ = α
2σ2

r
and μ = α

2σ2 . Note that this solution is not equiva-
lent to the MAP solution (maximization of p(x|y)), which would be
difficult to compute, as it involves integrating on vector a.

3. ITERATED MARGINAL MINIMIZATION

We have attacked Eq.(4) by iteratively marginally maximizing
p(x,a,y) in a and x (which is equivalent to maximizing the con-
ditional densities p(x|a,y) and p(a|x,y)). At convergence (which
we do not prove here) we can only claim that a joint local maximum
in (x,a) of p(x,a,y) has been reached, even if, as in this case, each
optimization step achieves the (marginal) global optimum. For a
given a the minimization in x of the criterion in Eq.(4) is quadratic,
and, thus, easy to solve. For a given x the minimization in a is
also easy, because it is separable in each component ai, resulting
in a single hard thresholding of the coefficient vector ΦT x. These
operations result in the following estimation loop:

Step 0 : x(0) = y

Step 1 : b(n) = ΦT x(n)

Step 2 : a(n) = Θhard(b(n), λ−1/2)

Step 3 : z(n) = Φa(n)

Step 4 : x(n+1) = (ΦΦT + νH∗H)−1(z(n) + νH∗y)

back to Step 1

Step 1 is just applying the analysis frame (e.g., an over-complete
wavelet-like transform) to the current image estimation. Step 2 is the
hard thresholding operation resulting from marginally minimizing
in a the criterion of Eq.(4). If ΦT is a self invertible transform (a
Parseval frame), then Step 3 is simply applying the reconstruction
operation to the thresholded vector coefficient. Finally, Step 4 is the
result of marginally minimizing in x the criterion of Eq.(4), where
ν = μ/λ = σ2

r/σ2. Note first that, again, if our representation
is a Parseval frame then ΦΦT = I, which greatly simplifies the
computations. Now Step 4 can easily be done in the Fourier domain:

X(u, v) =
Z(u, v) + νH∗(u, v)Y (u, v)

1 + ν|H(u, v)|2 ,

with Z(u, v) = F
{

z(n)
}
and x(n+1) = F−1 {X(u, v)}. Note

that bothH∗(u, v)Y (u, v) and |H(u, v)|2 are computed only once,
outside of the loop. Thus, if our representation is a Parseval frame
and we have a fast implementation of the analysis and reconstruction
operations (Steps 1 and 3), then the computational cost per iteration
of the algorithm is low and, typically, O(N log N).

4. IMPLEMENTATION AND TESTS

4.1. Image Representation

We have considered as in some previous works [19, 18] a combined
Parseval frame, simply obtained by concatenating the correspond-
ing vectors of two individual Parseval frames, each divided by

√
2 to

preserve the Euclidean norm. In this case we have used the 2-D Dual
Tree Complex Wavelet Transform (DT-CWT [12]) and the Transla-
tion Invariant Haar Pyramid (TIHP [11]), both with 7 dyadic scales.
This combination seems to work particularly well for typical (not too
texture-rich) images. We have obtained times per iteration of 0.13,
0.52, and 0.64 seconds using 256 × 256 images, for our combined
Matlab(R)+C implementation in a Pentium(R) 4 CPU 3.20 Ghz, us-
ing the TIHP alone, the DT-CWT alone, or the combination of both,
respectively. As shown in Figure 1, very high quality results can still
be obtained in favorable cases by using just the TIHP with few itera-
tions, which translates into a deconvolution time really short (around
1 second in our platform). For the results shown here (50 iterations,
combined representation) running time was 32 s.

4.2. Experiments

For this preliminary work we have used just the standard 256× 256
images House and Cameraman. We have applied to each of these
two images a total of five different combinations previously used in
the restoration literature of 4 different point spread functions (PSF)
and different amounts of white Gaussian additive noise (see Table 1
in next section). PSF1 is hi,j = (1 + i2 + j2)−1, for i, j = −7...7.
PSF2 is a 9×9 uniform kernel. PSF3 is a 5×5 separable kernel made
as the outer product of [1,4,6,4,1]/16 in x and y. PSF4 is Gaussian
with spatial 2nd order moment σ2

b = σ2
x +σ2

y , with σx = σy = 1.6.

4.3. Parameters

In future work we would like to estimate the model parameters α and
σr either from a training set of typical images, or directly from the
corrupted observations. For this work, however, we have just tried
to evaluate how robust the method behaves for two different images
and a wide range of image degradations. For that purpose we have,
first, hand-optimized the two parameters for using them with the five
degradations and the two images (10 experiments in total), obtain-
ing α = 4.8 and σr = 7.22. For comparison purposes, we have
also optimized the two parameters for each individual experiment,
as discussed in next section.

5. RESULTS AND DISCUSSION

Table 1 shows our results (double row labelled ”L0-AbS”, from
�0 Analysis-based Sparsity), above by using the same model pa-
rameters for all the experiments, and below (bracketed), by hand-
optimizing the two model parameters for each individual experi-
ment. The results are compared to what to the best of our knowledge
are the deblurring state-of-the-art methods, in terms of their proven
performance with standard tests: Figueiredo&Nowak 2005 [8], Foi
et al. 2006 [9], and Guerrero et al. 2008 [11]. The new proposed
method clearly outperforms both [11] and [8], and it provides simi-
lar average performance as [9] (half of the best scores, highlighted,
correspond to [9], and the other half to our method).

Figure 2 shows a visual comparison of our method to [9] for
using Cameraman with PSF2 and σ2 = 0.308 (40 dB BSNR).
Whereas both results recover well the original image, it is quite no-
ticeable how our result suffers from less artifacts (see, for instance,
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ringing around the camera handle in [9]). This translates into more
than half a decibel SNR improvement. In Figure 3 we compare
to [8] for the last experiment (with PSF4, a Gaussian kernel). Note
how our method recovers the original sharpness of some edges (e.g.,
vertical edges in door and window, oblique edge at the bottom of the
roof) that in [8] are still quite blurry.

On the other hand, bracketed (oracle) results shown in Table 1
demonstrate how, at least for the set of experiments considered, the
model and method presented here are quite robust, so as to provide a
performance close to these upper bounds, by using the same model
parameters for different images and degradations. However, this
does not mean that top performance would be obtained with all kind
of images and degradations without adapting the image representa-
tion and/or the model parameters to the observation. For instance,
we have experienced in preliminary tests, a significant performance
drop when using this set of parameters applied to very texture-rich
images, such as Barbara, or when the blurring is negligible com-
pared to the amount of added noise. We believe this is due, in the
first case, to the relative inefficiency of the used representation to
deal with heavily textured images (e.g., local DCT could do better
for those cases). In the second case, when noise clearly dominates
to blur, better results are obtained by increasing the prior’s sparsity,
through decreasing both α and σ2

r .

6. CONCLUSIONS

We have presented a new deconvolution method based on �0
analysis-based sparsity. Though it makes some unrealistic assump-
tions (such as the independence of the sparse and the residual
terms), it is fully model-based, statistically motivated and conceptu-
ally simple. In addition, it translates into an efficient algorithm. Its
performance through ten standard simulation experiments is either
state-of-the-art (in half of the studied cases) or highly competi-
tive (for the rest). We find remarkable how such a simple model
and its derived method, with no ad-hoc manipulations, and with
just two free parameters, compares favorably to other much more
sophisticated models. It is also noteworthy how our applied itera-
tive marginal optimization leads by itself to a good and reasonably
fast convergence despite the strong non-convexity of the associ-
ated cost function, without requiring any heuristical optimization
strategy (like dynamically decreasing the threshold [15], greedy
pursuits [14], etc.) This combination of simplicity and effectiveness
is rare in the context of difficult inverse problems.

We have also experienced a high robustness of the method’s per-
formance with the model parameters. However, we have not solved
yet for a general procedure to choose the free parameters individ-
ually for each observation. In general, regarding the possibility of
model parameter estimation, AbS has the conceptual and practical
advantage of the representation coefficients being observable, and,
as such, they are susceptible of direct statistical modelling, unlike
what happens in the SbS case, where we can only indirectly infer, if
at all, the statistics of the synthesis coefficients.
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